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Abstract
The geodesic deviation equation (‘GDE’) provides an elegant tool to investigate the timelike, null
and spacelike structure of spacetime geometries. Here we employ the GDE to review these structures
within the Friedmann–Lemaˆıtre–Robertson–Walker (‘FLRW’) models, where we assume the sources
to be given by a non-interacting mixture of incoherent matter and radiation, and we also take a
non-zero cosmological constant into account. For each causal case we present examples of solutions
to the GDE and we discuss the interpretation of the related first integrals. The de Sitter spacetime
geometry is treated separately.
This paper is dedicated to Engelbert Schu¨cking
∗e-mail: ellis@maths.uct.ac.za
†e-mail: henk@gmunu.mth.uct.ac.za
1 INTRODUCTION 2
1 Introduction
It has been known for a long while that the geodesic deviation equation (‘GDE’), first obtained by J L
Synge [23, 24], provides a very elegant way of understanding features of curved spaces, and, as pointed out
by Pirani [14, 15], gives an invariant way of characterising the nature of gravitational forces in spacetime.
As such, it is a useful tool to use in examining specific exact solutions of the Einstein field equations
(‘EFE’). Indeed, it may be claimed that the GDE is one of the most important equations in relativity,
as this is how one measures spacetime curvature1. This latter aspect has been discussed in some depth
by Szekeres [26].
The GDE determines the second rate of change of the deviation vectors for a congruence of geodesics
of arbitrary causal character, i.e., their relative acceleration. Consider the normalised tangent vector field
V a for such a congruence, parametrised by an affine parameter v. Then
V a :=
dxa(v)
dv
, Va V
a := ǫ , 0 =
δV a
δv
= V b∇bV
a , (1)
where ǫ = +1, 0, − 1 if the geodesics are spacelike, null, or timelike, respectively, and we define covariant
derivativion along the geodesics by δT a..b../δv := V
c∇cT
a..
b.. for any tensor T
a..
b... A deviation vector
ηa := dxa(w)/dw for the congruence, which can be thought of as linking pairs of neighbouring geodesics
in the congruence, commutes2 with V a, so
δηa
δv
= ηb∇bV
a . (2)
It follows that their scalar product is constant along the geodesics:
δ(ηaV
a)
δv
= 0 ⇔ (ηaV
a) = const . (3)
To simplify the relevant equations, we always choose them orthogonal:
ηa V
a = 0 . (4)
The general GDE takes the form
δ2ηa
δv2
= −Rabcd V
b ηc V d , (5)
( see, e.g., Synge and Schild [25], Schouten [21], or Wald [29] ). The general solution to this second-order
differential equation along any geodesic γ will have two arbitrary constants (corresponding to the different
congruences of geodesics that might have γ as a member). There is a first integral along any geodesic
that relates the connecting vectors for two different congruences which have one central geodesic curve
(with affine parameter v) in common. This is
η1a
δη2
δv
a
− η2a
δη1
δv
a
= const , (6)
and is completely independent of the curvature of the spacetime manifold.
The aim of this paper is to systematically use the GDE to explore the geometry of the standard
Friedmann–Lemaˆıtre–Robertson–Walker (‘FLRW’) models of relativistic cosmology ( see, e.g., Refs. [18,
30, 5] ), solving the GDE for timelike, null and spacelike geodesic congruences in these geometries; hence,
obtaining the Raychaudhuri equation [16] determining the time evolution of these models [2, 4], the Mattig
observational relations [11] underlying the interpretation of cosmological data [19], and determining the
nature of their spatial 3-geometry [18, 5]. Also, we identify in each case the first integral for the GDE and
comment on its meaning, in the null case leading to the usual reciprocity theorem [4], and in the timelike
case obtaining generic solutions of the GDE via this integral. Thus, our purpose is to characterise the
major geometrical and physical features of these spacetimes by use of the GDE, hence showing the utility
of this equation in obtaining all the essential geometrical and dynamical results of standard cosmology
in a unified way. It is a pleasure to dedicate this paper to Engelbert Schu¨cking, who has made a major
contribution to obtaining clarity and elegance in understanding many features of relativistic cosmology.
1And so is analogous to the Lorentz force law in electrodynamics; cf. Misner, Thorne and Wheeler, Ch.3, Box 3.1 [12].
2The Lie derivative of ηa along the integral curves of V a is zero; see, e.g., Schouten [21].
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1.1 The cosmological context
In the cosmological situation we consider, we assume the sources of the gravitational field to be a non-
interacting mixture of incoherent matter and radiation, to each of which the phenomenological fluid
description applies ( see, e.g., Refs. [2] and [4] ). For completeness we also include a cosmological constant
Λ.
Notation used is as follows: ua is the normalised timelike tangent vector field (ua u
a = − 1) to
the fundamental matter fluid flow, which is geodesic: 0 = ub∇bu
a := u˙a. The integral curves of ua
are parameterised by the proper time t of comoving fundamental observers. We use standard FLRW
comoving coordinates:
ds2 = − dt2 + a2(t) fµν(x
ρ) dxµ dxν , fµν dx
µ dxν = dr2 + f2(r) ( dθ2 + sin2 θ dφ2 ) , (7)
ua = (∂t)
a = δa0 , (8)
where a(t) denotes the time dependent scale factor, and the function3 f(r) relates to the intrinsic curvature
of the spacelike 3-surfaces {t = const} orthogonal to ua. By spatial homogeneity and isotropy, the
covariant derivative of ua [2] reduces to
∇aub =
1
3 Θ hab , Θ := Dau
a = 3
a˙
a
. (9)
Here, hab is the standard orthogonal projection tensor
hab = gab + ua ub ⇒ hαβ = gαβ , (10)
Θ is the fluid rate of expansion, and the spatial derivative operator (projected orthogonal to ua on all
indices) is denoted by Da ( cf. Ref. [9] ). It is a well-known consequence of Eq. (9) that FLRW spacetime
geometries have vanishing Weyl curvature ( cf. Refs. [2] and [4] ),
Cabcd = 0 ; (11)
the fluid matter flow neither generates tidal gravitational fields nor causes propagation of gravitational
waves.
2 The Riemann curvature tensor
In order to determine the explicit form of the GDE (5), we need the Riemann curvature tensor Rabcd.
Because of Eq. (11), Rabcd can be expressed purely in terms of the Ricci curvature tensor Rab, its trace
R, and the metric:
Rabcd =
1
2 (Rac gbd −Rad gbc +Rbd gac −Rbc gad )−
1
6 R ( gac gbd − gad gbc ) . (12)
The EFE algebraically determine Rab from the matter tensor Tab:
4
Rab = Tab −
1
2 T gab + Λ gab ⇒ R = −T + 4Λ . (13)
When the matter takes a ‘perfect fluid’ form:
Tab = (µ+ p)ua ub + p gab ⇒ T = − (µ− 3p) , (14)
(µ is the total energy density and p the isotropic pressure), the Ricci tensor expression is
Rab = (µ+ p)ua ub +
1
2 (µ− p+ 2Λ) gab ⇒ R = (µ− 3p) + 4Λ . (15)
Thus, from Eq. (12), the curvature tensor takes the form
Rabcd =
1
3 (µ+ Λ) ( gac gbd − gad gbc )
+ 12 (µ+ p) ( gac ub ud − gad ub uc + gbd ua uc − gbc ua ud ) . (16)
3Determined later by use of the 3-D spatial GDE.
4Geometrised units, characterised by c = 1 = 8piG/c2, are used throughout.
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Then, for any normalised vector field V a: Va V
a = ǫ, by a straightforward contraction one obtains from
Eq. (16) the source term in the GDE:
Rabcd V
b V d = 13 (µ+ Λ) ( ǫ gac − Va Vc )
+ 12 (µ+ p) [ (Vbu
b)2 gac − 2 (Vbu
b)u(a Vc) + ǫ ua uc ] . (17)
We will also want the GDE in the spacelike 3-surfaces {t = const} orthogonal to ua, which are 3-spaces
of maximal symmetry. In the FLRW case, the Gauß embedding equation provides the relation
3Rabcd = (Rabcd)⊥ −
1
9 Θ
2 (hac hbd − had hbc ) (18)
for the 3-D Riemann curvature. From Eq. (16), which made use of the EFE, one has
(Rabcd)⊥ =
1
3 (µ+ Λ) (hac hbd − had hbc ) , (19)
so that Eq. (18) becomes
3Rabcd = K(t) (hac hbd − had hbc ) , (20)
where the spatial curvature scalar K(t) is given by
K(t) := 16
3R = 13 (µ−
1
3 Θ
2 + Λ ) . (21)
This factor will determine the 3-D spatial GDE5 source term:
3Rabcd V
b V d = K (hac − Va Vc ) , (22)
where Va V
a = 1 and Va u
a = 0.
3 The geodesics
Before turning to address the GDE, we need to solve for the geodesic curves along which the GDE will be
integrated. Now the fundamental 4-velocity ua = δa0 is a geodesic vector field. Any other geodesic can
be transformed to have a purely radial spatial part by suitable choice of local coordinates (because the
FLRW geometry is isotropic about every point). Hence, w.o.l.g., radial geodesics are considered, with
the origin of the local coordinates r = 0 at the starting point v = 0, so that in all cases we will have
x2 = θ = const, x3 = φ = const ⇒ 0 = V 2 = V 3.
It is convenient to decompose a general geodesic tangent vector field V a into parts parallel and
orthogonal to ua:
V a := E ua + P ea , (23)
where ea = a−1 (∂r)
a = a−1 δa1, ea e
a = 1, ea u
a = 0, such that
Va V
a = ǫ = −E2 + P 2 , −(Vau
a) = E , P = (ǫ+ E2)1/2 . (24)
As ea spans a radial direction, P ≥ 0. By spatial homogeneity and isotropy6, for a congruence of radial
normalised geodesics, starting off isotropically from r = 0⇔ v = 0 (so E |v=0 = const for all of them),
0 = DaE = DaP . (25)
To determine E, note that
−
δ(Vau
a)
δv
= −V b∇b(Vau
a) = −V a (∇bua)V
b
= − 13 Θ hab V
a V b = − 13 Θ [ ǫ+ (Vau
a)2 ] . (26)
5See section 4.4 below.
6Even though ea is not invariantly defined, the 1+3 covariant discussion of LRS perfect fluid spacetime geometries given
in Ref. [7] still applies. As such, ea is the Fermi-transported (along ua) unit tangent of a geodesic and shearfree spacelike
congruence. Furthermore, in the given context also its spatial rotation vanishes.
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Thus, we need to solve
dt
dv
= V 0 = E = −(Vau
a) ,
1
(ǫ+ E2)
dE
dv
= −
1
a
da
dt
; (27)
so
E
(ǫ+ E2)
dE
dv
= −
1
a
da
dt
dt
dv
⇔ 12
d
dv
ln
[
(ǫ+ E2)
(ǫ+ E20)
]
=
d
dv
ln
[(
a
a0
)]−1
. (28)
Integrating, we obtain
(ǫ+ E2)
(ǫ+ E20 )
=
(a0
a
)2
. (29)
Now solving for E,
E2 = (ǫ+ E20)
(a0
a
)2
− ǫ , (30)
which implies
dt
dv
= V 0 = E(a) = ±
[
(ǫ+ E20)
(a0
a
)2
− ǫ
]1/2
, (31)
with a “+” for future-directed vectors V a and a “−” for past -directed ones. Also, with Eq. (7),
V a gab V
b = − (V 0)2 + a2 (V 1)2 = ǫ ⇔ V a hab V
b = ǫ+ E2 = a2 (V 1)2 , (32)
so
dr
dv
= V 1 =
P (a)
a
=
[
ǫ+ E2(a)
a2
]1/2
, (33)
which, for later reference, can also be cast into the form
dℓ := a dr = (ǫ+ E20 )
1/2
(a0
a
)
dv , (34)
the definition coming from Eq. (7). Hence,
dt
dr
=
dt/dv
dr/dv
= ±
E(a)
[ a−2 (ǫ+ E2(a)) ]1/2
= ±
a2E(a)
a0 (ǫ+ E20)
1/2
, (35)
and so
dt
dr
= ± a(t)
[
1− ǫ
(
a(t)
α0
)2 ]1/2
, α0 := ± a0 (ǫ+ E
2
0)
1/2 . (36)
3.1 Timelike
For timelike vector fields, ǫ = − 1. If we have V a initially parallel to ua, then E20 = 1, and so dt/dv = 1
and dr/dv = 0, confirming that V a then remains parallel to ua (which is geodesic). Otherwise, for
future-directed timelike geodesics V a that have a non-zero initial hyperbolic angle of tilt with ua (such
that E20 > 1), the following relations apply:
dt
dv
=
[
1 + (E20 − 1)
(a0
a
)2 ]1/2
,
dr
dv
= (E20 − 1)
1/2
(a0
a2
)
. (37)
3.2 Spacelike
For spacelike vector fields, ǫ = +1. Setting E0 = 0 means starting off orthogonally, but these geodesics do
not remain orthogonal to the flow lines, and so do not remain within the spacelike 3-surfaces {t = const}.
Indeed, from Eqs. (26) and (31)
−(Vau
a) |P = 0 , Θ |P > 0
⇒ −(Vau
a) = E < 0 nearby ⇒
dt
dv
< 0 , (38)
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showing that the geodesic, nearby spacelike 3-surfaces bend down (into the past) relative to the spacelike
3-surfaces {t = const}. In this case α0 = ± a0, and
dt
dv
= −
[ (a0
a
)2
− 1
]1/2
.
So, with dr/dv = (a0/a
2), we find
dt
dr
= − a
[
1−
(
a
a0
)2 ]1/2
. (39)
The geodesic 3-surfaces give the best slicing of a spacetime in order to approximate Newtonian theory in
a general spacetime — see the discussion by Ehlers [3] — and have been studied in the FLRW context
by Rindler [17], Page [13], and Ellis and Matravers [6].
The simplest dynamical case is the spatially flat Einstein–de Sitter model, which has (pressure-free)
incoherent matter as a source, and Λ = 0. Here, the length scale factor takes the functional form
a(t) = a0 [
3
2H0 t ]
2/3, where H0 is the value of the Hubble parameter H := (1/a) (da/dt) at time t0.
Hence, we obtain ( note that t ≤ t0 )
r(t, t0) = −
1
a0 (3H0/2)2/3
∫ t
t0
dy
y2/3 [ 1− (3H0/2)4/3 y4/3 ]1/2
, (40)
leading to an elliptic integral which gives the value of r at time t, starting off orthogonally at r = 0 and
time t0 =
2
3 H
−1
0 .
3.3 Null
In the case of null congruences, ǫ = 0. Then it follows for the past -directed case that
dt
dv
= −
[
(E20)
(a0
a
)2 ]1/2
= − |E0|
(a0
a
)
,
and, as dr/dv = |E0| (a0/a
2),
dt
dr
= − a(t) . (41)
Alternatively, we can use the fact that ξa := a(t)ua is a conformal Killing vector field: ∇aξb = a˙(t) gab.
Thus, for any geodesic vector field ka,
kb∇b(ξak
a) = a˙(t) ka gab k
b = a˙(t) ka k
a , (42)
and in the particular case that ka is null:
ka k
a = 0 ⇒ ξa k
a = a(t)ua k
a = const
⇒ (kau
a)(t) =
const
a(t)
. (43)
Relating this to the redshift, z, defined by
(1 + z) :=
(kau
a)e
(kbub)0
=
Ee
E0
=
(
a0
a(te)
)
, (44)
for past-directed radial null geodesics it follows that
ka =
a0
a(t)
(
−1,
1
a(t)
, 0, 0
)T
,
dt
dv
= k0 = E = − (1 + z) , (45)
where we have set E0 = − 1 by choice of the affine parameter v.
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4 The geodesic deviation equation
4.1 The deviation vectors
The basic equations relating the geodesic vector V a and orthogonal deviation vector ηa have been given
above, see Eqs. (1) - (5). We now restrict the deviation vector further.
4.1.1 The screen space
When V a is not parallel to ua, the vector ηa lies in the screen space of ua (i.e., the spacelike 2-surface
orthogonal to both, ua and V a) iff, additionally to (ηaV
a) = 0, ηa also lies in the rest 3-space of ua, i.e.,
(ηau
a) = 0. We can choose this to be true initially; will it be maintained along the integral curves of any
geodesic vector field V a? With Eq. (9), we have
δ(ηau
a)
δv
= 13 Θ hab η
a V b + ua η
b∇bV
a = 23 Θ hab η
[a V b] + ηb∇b(Vau
a) , (46)
so
δ(ηau
a)
δv
= ηb∇b(Vau
a) , (47)
which will be zero, if ηb∇b(Vau
a) = 0, and this will be true for the congruences we consider ( cf. Eq.
(25) ). Propagation of condition (47) along the integral curves of ua then confirms its preservation. This
can be seen as follows. The fact that V a and ηa commute, Eq. (2), gives rise to the relation
0 = ua [ u
c(∇cV
b) (∇bη
a) + V b uc∇c∇bη
a − uc(∇cη
b) (∇bV
a)− ηb uc∇c∇bV
a ] , (48)
which is used to eliminate the respective terms in the “dot”-derivative of condition (47). Hence, with Eq.
(9),
[ V b∇b(ηau
a)− ηb∇b(Vau
a) ]˙= 23 hab [ Θ η
[a V b] ]˙= 0 , (49)
which vanishes because hab is symmetric in its indices. So, the consistent solution to these equations is
(ηau
a) = 0 , (ηaV
a) = 0 , Da(Vbu
b) = 0 ; (50)
i.e., ηa starts and remains within the rest 3-spaces of ua, and it also remains orthogonal to V a, which
has a constant scalar product with ua in these rest 3-spaces. From now on we will assume these relations
hold.
4.1.2 The force term
The “force term” ( cf., e.g., Pirani [14] ) for the general GDE (5) for geodesic congruences of either
timelike, null or spacelike causal character, specialised to the FLRW case, can now be evaluated from
Eqs. (17) and (50) to yield
Rabcd V
b ηc V d = [ ǫ 13 (µ+ Λ) +
1
2 (µ+ p)E
2 ] ηa (51)
where, as before, −(Vau
a) = E. Note that this force term is proportional to ηa itself, i.e., according to
the GDE (5) only the magnitude η will change along a geodesic, while its spatial orientation will remain
fixed7. Consequently, the GDE (5) reduces to give just a single differential relation for the scalar quantity
η. This reflects the spatial isotropy of the Riemann curvature tensor about every point in the present
situation; anisotropic effects as induced, e.g., by non-zero electric Weyl curvature, Eab, or shear viscosity,
πab, are not involved.
We deal, now, with three cases: the GDE for a fundamental observer, for past-directed geodesic null
congruences, and for other families of geodesics.
7Also, Eq. (51) has no component proportional to ua, confirming the consistency of the above screen space analysis.
4 THE GEODESIC DEVIATION EQUATION 8
4.2 Geodesic deviation for a fundamental observer
Case 1: V a = ua for the central geodesic. In this case the affine parameter coincides with the proper
time of the central fundamental observer, i.e., v = t. From Eq. (51), with ǫ = − 1 and E = 1,
Rabcd u
b ηc ud = 16 (µ+ 3p) ηa −
1
3 Λ ηa . (52)
Let the deviation vector be ηa = ℓ ea, ea e
a = 1, ea u
a = 0, such that it connects neighbouring flow lines
in the radial direction. Then δea/δt = ub∇be
a = 0 (as there is no shear or vorticity!), i.e., a basis is used
which is parallelly propagated along ua, and Eq. (5) gives
d2ℓ
dt2
= − 16 (µ+ 3p) ℓ+
1
3 Λ ℓ , (53)
which is the Raychaudhuri equation [16]. However, this equation applies to both comoving matter of
active gravitational mass density (µ + 3p), and to test matter that is not comoving. On the basis of
this relation, it is clear that for positive active gravitational mass density and non-negative cosmological
constant8 all families of past- and future-directed timelike geodesics will experience focusing, provided
(µ+ 3p) > 2Λ, and so gives rise to the standard singularity theorems ( see, e.g., Refs. [16, 2, 8, 4] ).
4.2.1 Comoving matter
For comoving matter, V a = ua ⇒ |E0 | = 1⇒ |E | = 1 for the whole family of geodesics. Then, set ℓ = a
and multiply by da/dt to get
0 =
da
dt
d2a
dt2
+ 16 (µ+ 3p) a
da
dt
− 13 Λ a
da
dt
. (54)
Using the conservation equation for comoving matter,
dµ
dt
= −
3
a
da
dt
(µ+ p) ⇒
d(µa2)
dt
= − (µ+ 3p) a
da
dt
, (55)
one finds the familiar Friedmann equation(
da
dt
)2
− 13 µa
2 − 13 Λ a
2 = − k , k = const , (56)
giving the usual time evolution of a(t) for a given equation of state. In terms of invariants,(
1
a
da
dt
)2
− 13 µ−
1
3 Λ = −
k
a2
, (57)
which is just the trace of the Gauß equation, Eq. (21), if we identify
K =
k
a2
(58)
as the constant curvature of the spacelike 3-surfaces {t = const}. Hence, we recover the standard
dynamical equations for the FLRW models from the GDE. As usual, whenever K is non-zero, by rescaling
a(t) by a constant the dimensionless quantity k can be normalised to ± 1, which is then the curvature of
the 3-spaces of maximal symmetry with metric fµν dx
µ dxν ( cf. Eq. (7) ).
If one considers a non-interacting mixture of both incoherent matter and radiation, one has
µ = 3H20 Ωm0
(a0
a
)3
+ 3H20 Ωr0
(a0
a
)4
, p = H20 Ωr0
(a0
a
)4
. (59)
Then, evaluating Eq. (57) at t = t0 shows that
H20 −
1
3 (µm0 + µr0)−
1
3 Λ = −
k
a20
⇔ H20 (Ωm0 +Ωr0 +ΩΛ0 − 1) = K0 , (60)
8If Λ < 0, for (µ+ 3p) > 0 there will be focusing anyway.
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where
K0 :=
k
a20
, (61)
and, as familiar, Ωi0 denotes dimensionless cosmological density parameters Ωi := µi/(3H
2) at t = t0;
ΩΛ := Λ/(3H
2) defines an analogous quantity for the cosmological constant. Similarly, evaluating the
Raychaudhuri equation (53) at t = t0 gives
q0 = −
1
3H20
(
a¨
a
)∣∣∣∣
t0
= 12 (Ωm0 + 2Ωr0 − 2ΩΛ0 ) ≃
1
2 Ωm0 − ΩΛ0 , (62)
the t0 value of the dimensionless cosmological deceleration parameter q := − (a d
2a/dt2)/(da/dt)2. These
results will be useful in deriving the observational relations for null data (see section 4.3).
4.2.2 Non-comoving matter
For isotropically distributed test matter moving with other 4-velocities about the fundamental observers,
i.e., V a = va ⇒ |E0 | > 1, except for the central curve of the congruence v
a which coincides with ua, we
need to obtain other solutions to the GDE for timelike curves, evaluated along this central fundamental
world line (where again proper time t is the same as the preferred affine parameter v, and also here the
deviation vectors have radial orientation). There are two ways to do this.
One way is to fully specify the matter source in the equations of the previous discussion on the
comoving matter case, solve these equations to obtain the source term in the GDE (53), and then solve
the GDE to obtain its general solution (with two arbitrary constants). In the case of the de Sitter
universe, we have 0 = µ = p, Λ 6= 09, so Eq. (53) becomes
0 =
d2ℓ
dt2
− 13 Λ ℓ , (63)
and the solution is
ℓ(t) =
{
C1 cosh(α t) + C2 sinh(α t) Λ > 0
C1 cos(α t) + C2 sin(α t) Λ < 0
, (64)
with α := (13 |Λ |)
1/2 and C1 and C2 integration constants carrying the dimension of ℓ(t). This shows
the deviation for arbitrary (i.e., independent of |E0 | ≥ 1) timelike geodesics in the de Sitter (Λ > 0) and
anti-de Sitter (Λ < 0) cases.
When dynamical matter is present, life is more complex. Defining a dimensionless conformal time
variable τ by dt/dτ := a ⇒ d2t/dτ2 = da/dτ , for a matter source according to Eq. (59) the Friedmann
equation (57) yields
da
dτ
= [ 13 Λ a
4 − k a2 + a30H
2
0 Ωm0a+ a
4
0H
2
0 Ωr0 ]
1/2 . (65)
This can easily be solved when Λ = 0, for given value of the spatial curvature parameter k. It follows
that the GDE for timelike congruences, Eq. (53), can be rewritten as
0 =
d2ℓ
dτ2
−
1
a
da
dτ
dℓ
dτ
+ 12 a
2
0H
2
0 [ Ωm0
(a0
a
)
+ 2Ωr0
(a0
a
)2
] ℓ− 13 Λ a
2 ℓ , (66)
where a = a(τ), and da/dτ is determined through Eq. (65). Unfortunately, this linear homogeneous
second-order ordinary differential equation is very complicated, except for the de Sitter universe (where
0 = Ωm0 = Ωr0 , Λ 6= 0 ), which we already considered.
To provide a simple example with dynamical matter, we fall back onto the Einstein–de Sitter model,
where Λ = 0, k = 0, Ωr0 = 0 ⇒ Ωm0 = 1. In dimensionless conformal time, the length scale factor is
a(τ) = 14 a
3
0H
2
0 τ
2, and so the solution to Eq. (66), which then reduces to
0 =
d2ℓ
dτ2
−
2
τ
dℓ
dτ
+
2
τ2
ℓ , (67)
9Or, equivalently, (µ + p) = 0 ⇒ (µ + 3p) = − 2µ = const, giving an effective cosmological constant.
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is given by
ℓ(τ) = C1 τ + C2 τ
2 ; (68)
again, the integration constants C1 and C2 carrying the dimension of ℓ(τ). Fixing initial conditions such
as to describe a set of test particles isotropically emanating from the central reference geodesic at η = η0,
one has C2 = −C1/η0.
Another way to obtain solutions to the timelike GDE (53) is to use the first integral which relates
different solutions to the GDE along a central reference geodesic γ0 (which is common to both con-
gruences, and on which the affine parameters coincide and are equal to the preferred time coordinate,
i.e., v |γ0 = t). Let η1 relate to the fundamental family of world lines and η2 to another family. Then
η1 = a(t), and as dt/dv = −(vau
a) = E takes the value E = 1 on the central reference geodesic,
(1/η1) (dη1/dv) = H =
1
3 Θ. Considering parallel (radial) deviation vectors for the two families, we
obtain for their magnitudes
η1
dη2
dt
− η2
dη1
dt
= const ⇒
dη2
dt
− η2H(t) =
const
a(t)
. (69)
In terms of initial data at time t = t0,
dη2
dt
∣∣∣∣
t0
− η2 |t0 H0 =
const
a0
, (70)
which leads to
dη2
dt
− η2
1
a(t)
da(t)
dt
=
a0
a(t)
[
dη2
dt
∣∣∣∣
t0
− η2 |t0 H0
]
, (71)
and so
d
dt
[
η2
a(t)
]
=
a0
a2(t)
[
dη2
dt
∣∣∣∣
t0
− η2 |t0 H0
]
. (72)
Then, integration yields
η2(t) = η2 |t0
(
a(t)
a0
)
+
[
dη2
dt
∣∣∣∣
t0
− η2 |t0 H0
]
a(t)
∫ t
t0
a0
a2(y)
dy . (73)
For the Einstein–de Sitter example, which we referred to before, a(t) = a0 (t/t0)
2/3 (as H0 =
2
3 t
−1
0 ),
and we find
η2(t) = η2 |t0
(
t
t0
)2/3
+ 3
[
dη2
dt
∣∣∣∣
t0
− 23 η2 |t0 t
−1
0
]
t
2/3
0 t
2/3 ( t
−1/3
0 − t
−1/3 ) . (74)
Special cases:
A: Suppose η2 = 0 at t = t0 (matter flowing out isotropically from the central line at that instant), then
η2(t) = 3
dη2
dt
∣∣∣∣
t0
t
2/3
0 t
2/3 ( t
−1/3
0 − t
−1/3 ) , (75)
giving the radial motion of free particles relative to the fundamental observers, that start off by diverging
from them. The graph of Eq. (75) was plotted in Fig 1.
B: Suppose dη2/dt = 0 at t = t0 (matter released from rest at that instant, hence, not comoving with
the expanding fundamental matter), then
η2(t) = η2 |t0
(
t
t0
)1/3 [
2−
(
t
t0
)1/3 ]
, (76)
gives their radial motion relative to the fundamental observers. The graph of Eq. (76) was plotted in
Fig. 2.
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Figure 1: Plot of the deviation vector magnitude η2(t) according to Eq. (75). The parameter values
chosen are H0 = 60 km/s/Mpc, i.e., t0 = 0.01 (Mpc/km)s, and dη2/dt |t0 = 0.1.
-0.2
0
0.2
0.4
0.6
0.8
1
0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
e
ta
2(t
)
t
eta2(t)
Figure 2: Plot of the deviation vector magnitude η2(t) according to Eq. (76). The parameter values
chosen are H0 = 60 km/s/Mpc, i.e., t0 = 0.01 (Mpc/km)s, and η2 |t0 = 1unit length.
C: Suppose dη2/dt = η2 |t0 H0 at t = t0 (matter initially comoving with the expanding fundamental
matter), then the matter continues to move as the fundamental observers, i.e., η2(t) = η2 |t0 (t/t0)
2/3.
Generically, the first integral (6), applied to this timelike case, relates the out -going and in-coming
geodesics that link two (timelike separated) points O and P , on fixing boundary conditions for the first
integral: namely it relates the positions and velocities of each congruence at O to those at P . Apart from
the cases just considered, the other one that arises naturally is if particles 1 are at rest at O and coincide
at P , whereas for particles 2 the situation is the converse: they are at rest at P but coincide at O. Then
η1 |O
dη2
dt
∣∣∣∣
O
= η2 |P
dη1
dt
∣∣∣∣
P
. (77)
This relates the positions and velocities at O and P , showing that if both distances are the same (in
absolute, not comoving terms), then the velocities will be the same.
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4.3 Past directed null vector fields
Case 2: V a = ka, ka k
a = 0, k0 < 0. Equation (51) now gives
Rabcd k
b ηc kd = 12 (µ+ p)E
2 ηa , (78)
so writing ηa = η ea, ea e
a = 1, 0 = ea u
a = ea k
a, and using a parallelly propagated and aligned basis,
δea/δv = kb∇be
a = 0, we find from (5),
d2η
dv2
= − 12 (µ+ p)E
2 η . (79)
Again, in line with the timelike case of Eq. (53), all families of past-directed (and future-directed) null
geodesics experience focusing, provided (µ+p) > 0 (while the sign of Λ has no influence). Equation (79) is
easily solved in the case of the de Sitter universe, where (µ+p) = 0, and the solution is η(v) = C1 v+C2,
equivalent to the (flat) Minkowski spacetime case. For null rays diverging from the origin, C2 = 0, and
we have the same angular size-distance relation as in flat space (provided we measure distance in terms
of the affine parameter v).
When dynamical matter is present, we need to express the quantities contained in Eq. (79) in terms
of the (non-affine parameter) redshift z, defined in Eq. (44). A standard collection of mathematical
formulae [1] gives for the derivative operator of Eq. (79) the expression
d2
dv2
=
(
dv
dz
)−2 [
d2
dz2
−
(
dv
dz
)−1
d2v
dz2
d
dz
]
. (80)
From Eq. (44) we know that
(1 + z) =
a0
a
=
E
E0
⇒
dz
(1 + z)
= −
da
a
=
dE
E
, (81)
hence, (in the past-directed case),
dz = (1 + z)
1
a
da
dv
dv = (1 + z)
1
a
da
dt
E dv = E0H (1 + z)
2 dv , (82)
which leads to
dv
dz
=
1
E0H (1 + z)2
. (83)
The Hubble parameter is to be determined via the Friedmann equation, Eq. (57), from which one obtains
H2 = 13 µ+
1
3 Λ +H
2
0 (1 − Ω0 − ΩΛ0) (1 + z)
2 . (84)
By use of the Raychaudhuri equation, Eq. (53), one finds, furthermore,
d2v
dz2
= −
3
E0H (1 + z)3
[ 1 +
1
18H2
(µ+ 3p)−
1
9H2
Λ ] . (85)
So, altogether, the null GDE, Eq. (79), can be expressed in the new form
0 =
d2η
dz2
+
3
(1 + z)
[ 1 +
1
18H2
(µ+ 3p)−
1
9H2
Λ ]
dη
dz
+
1
2(1 + z)2
1
H2
(µ+ p) η . (86)
If we consider again the non-interacting mixture of incoherent matter and radiation, we have
µ = 3H20 Ωm0(1 + z)
3 + 3H20 Ωr0(1 + z)
4 , p = H20 Ωr0(1 + z)
4 . (87)
Then, from Eq. (84), for Λ = 0 the Hubble parameter evaluates to
H2 = H20 ( 1 + Ωm0 z +Ωr0 z (2 + z) ) (1 + z)
2 , (88)
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and Eq. (86) assumes the form
0 =
d2η
dz2
+
6 + Ωm0(1 + 7z) + 2Ωr0(1 + 8z + 4z
2)
2 (1 + z) ( 1 + Ωm0z +Ωr0z(2 + z) )
dη
dz
+
3Ωm0 + 4Ωr0(1 + z)
2 (1 + z) ( 1 + Ωm0z +Ωr0z(2 + z) )
η . (89)
When only incoherent matter is present (the dust case), then Ωr0 = 0, while a sole incoherent radiation
matter source has Ωm0 = 0. The popular spatially flat FLRW case is contained for Ω0 = Ωm0 +Ωr0 = 1.
The general solution to this linear homogeneous second-order ordinary differential equation is given
by
η(z) =
1
(1 + z)2
[ C1 ( 2− Ωm0 − 2Ωr0 +Ωm0z ) + C2 ( 1 + Ωm0z +Ωr0z(2 + z) )
1/2 ] , (90)
which we obtained with support from some computer algebra packages. The integration constants C1
and C2 carry the dimension of η(z). With this explicit form for the deviation vector of a (past-directed)
geodesic null congruence at our hands, we are, now, in a position to easily infer an expression for the
observer area distance, r0(z), originally derived by Mattig [11] for the dust case (Ωr0 = 0), which is of
considerable astronomical importance ( see, e.g., Refs. [19] and [4] ). Using d/dℓ = E−10 (1 + z)
−1 d/dv =
H (1 + z) d/dz ( cf. Eqs. (34) and (83) ) and choosing the integration constants in Eq. (90) such that
η(z = 0) = 0, its definition10,
r0(z) :=
√ ∣∣∣∣ dA0(z)dΩ0
∣∣∣∣ =
∣∣∣∣ η(z′) |z′=zdη(z′)/dℓ |z′=0
∣∣∣∣ ,
yields
r0(z) = H
−1
0 [ 2Ωm0 − ( 2− Ωm0 − 2Ωr0 ) (Ωm0 + 2Ωr0 ) ]
−1
×
2
(1 + z)2
[ ( 2− Ωm0 − 2Ωr0 +Ωm0z ) (91)
− ( 2− Ωm0 − 2Ωr0 ) ( 1 + Ωm0z +Ωr0z(2 + z) )
1/2 ] ,
giving the observer area distance as a function of the redshift z in units of the present-day Hubble radius
H−10 for an arbitrary non-interacting mixture of matter and radiation ( and containing as a special case
the Mattig formula when Ωr0 = 0 ). The graph of Eq. (91) was plotted in Fig. 3.
The formula (91) is equivalent to the one stated earlier by Matravers and Aziz [10], but — unlike
the usual calculations — is obtained in a uniform way from the null GDE ( irrespective of the intrinsic
curvature of the spacelike 3-surfaces {t = const} ). In the usual approach, three separate calculations are
needed (one for each value of k), and it is a matter of some amazement that they all fit the same formula
in the end. In the present approach, one integration is needed, leading to one formula — a considerable
increase in clarity.
The first integral relation can be investigated analogously to the timelike case above. Consider null
rays diverging from the observer at O and arriving at the source S, with deviation vector η1, and null
rays diverging from the source S and arriving at the observer O, with deviation vector η2. The first
integral is the same as before, but now we need to convert (for past-directed null rays) from the affine
parameter v to ℓ according to Eq. (34), with a0/a = (1 + z). One obtains
η2 |O
dη1
dℓ
∣∣∣∣
O
= η1 |S
dη2
dℓ
∣∣∣∣
S
(1 + z) , (92)
where the terms dη/dℓ are the angles subtended by the pairs of null rays corresponding to the deviation
vectors. Expressed in terms of angular diameter distances, rO and rS , defined by
η1 |S := rO
dη1
dℓ
∣∣∣∣
O
, η2 |O := rS
dη2
dℓ
∣∣∣∣
S
, (93)
10dΩ0 here denotes an infinitesimal solid angle rather than a change in density parameter.
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Figure 3: Plot of the observer area distance r0(z) according to Eq. (91), in units of H
−1
0 . The parameter
values chosen are H0 = 80 km/s/Mpc, Ωm0 = 0.2 and Ωr0 = 0.1.
(which, for FLRW geometry, are the same as area distances), we find the familiar null reciprocity theorem
for FLRW models [30, 5]:
rS = rO (1 + z) . (94)
This underlies the equivalence (up to redshift factors) of area distance and luminosity distance, and the
fact that measured radiation intensity is independent of area distance, depending only on redshift ( see
Ref. [4] for a more detailed discussion ). These features are fundamental in analysing observations of
distant sources and measurements of the cosmic microwave background radiation.
4.4 Generic geodesic vector fields
Case 3: Va V
a = ǫ, not parallel to ua, nor null. The force term in the generic case is provided by Eq.
(51). Writing ηa = ℓ ea, ea e
a = 1, 0 = ea V
a = ea u
a, and employing a parallelly propagated and aligned
basis, δea/δv = V b∇be
a = 0, we find from Eq. (5),
d2ℓ
dv2
= − ǫ 13 (µ+ Λ) ℓ−
1
2 (µ+ p)E
2 ℓ , (95)
giving the spatial orthogonal separation of these geodesics within the 2-D screen space as they spread
out in spacetime.
4.4.1 Orthogonal spacelike geodesics
A particular case is the spatial geodesics that start off orthogonal to ua (so E0 = 0, which implies that
the corresponding geodesics are indeed spacelike), but then bend down towards the past thereafter (see
the discussion in section 3.2). The above equation applies with ǫ = 1. The simplest case is a de Sitter
universe where 0 = µ = p, and then the solution for all |E0 | ≥ 0, i.e., all spacelike geodesics is
ℓ(v) =
{
C1 cos(α v) + C2 sin(α v) Λ > 0
C1 cosh(αv) + C2 sinh(α v) Λ < 0
, (96)
with α := (13 |Λ |)
1/2 (note this is just the exact converse to the timelike case of Eq. (64) above).
In the case of non-zero dynamical matter, however, µ and p are not constants along the initially
orthogonal geodesics, as these geodesics do not remain within a spacelike 3-surface {t = const}; we have
to find µ[ t(v) ] or µ[ t(r) ] from the geodesic equation. However, near the starting point v = 0 at t0 we
have (for Λ = 0)
0 =
d2ℓ
dv2
∣∣∣∣
t0
+ 13 µ0 ℓ , (97)
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giving the solution near this origin, on carrying out a first-order expansion, by
ℓ(v) = ℓ0 cos(ω0 v) +
dℓ
dv
∣∣∣∣
t0
sin(ω0 v) , ω0 := (
1
3 µ0)
1/2 . (98)
This is always convergent for normal matter, irrespective of the intrinsic curvature of the particular
spacelike 3-surface {t0 = const} considered. However, as soon as the distance is appreciable, the geodesics
will have bent down and lie below the initial 3-surface {t0 = const}, where the density of matter will be
higher and the curvature greater. Thus, the geodesics will tend to converge even more strongly.
4.4.2 Geodesics in the orthogonal spacelike 3-surfaces
This is to be contrasted with geodesic congruences within the spacelike 3-surfaces {t = const} orthogonal
to ua, which are 3-spaces of maximal symmetry. In contrast to Eq. (1), these geodesics satisfy the 3-D
equations
V a :=
dxa(v)
dv
, Va V
a = 1 , Va u
a = 0, 0 = V bDbV
a . (99)
From Eq. (22), the force term for the resulting 3-D spatial GDE11 takes the form
3Rabcd V
b ηc V d = 13 (µ−
1
3 Θ
2 + Λ ) ηa = K η
a , (100)
where K(t) is the curvature of these 3-spaces ( cf. Eq. (21) ). Consequently, whether geodesics in these
spacelike sections converge or diverge depends on the sign of K. Setting ηa = η ea where ea e
a = 1 and
ea u
a = 0, as before we choose a congruence of vectors such that δea/δv = V bDbe
a = 0 and the 3-D
spatial GDE12 becomes
d2η
dv2
= −K η . (101)
K = K(t) is indeed constant along these spatial geodesics (because they lie within the 3-surfaces {t =
const}). If K > 0, one deals again with the familiar oscillator equation, i.e., two neighbouring spatial
geodesics will harmonically converge to and diverge from each other as v increases. If K < 0, they will
exponentially diverge, and if K = 0, they diverge linearly.
Focusing on radial spatial geodesics, the local FLRW coordinates of the spacelike 3-surfaces {t =
const} arise as follows. We consider a 3-space with metric fµν dx
µ dxν , and constant dimensionless scalar
curvature, if non-zero, normalised to k = ± 1, ( cf. Eqs. (7) and (58) ). Note that the full 3-space metric
hµν(t) at arbitrary time t is just given by hµν(t) = a
2(t) fµν .
13 Choosing an affine parameter v = r,
V a = (∂r)
a = δa1 is the geodesic unit normal to the 2-surfaces {r = const}, which are 2-spheres of area
4π f2(r). Thus, it is tangent to the orthogonal coordinate curves x2 = const, x3 = const. A basis of
deviation vectors in the 2-D screen space is given by η1
a = δa2 and η2
a = δa3 (these commute with the
geodesic vector V a = δa1, because each of these is a coordinate basis vector). Employing an orthonormal
basis with components (e1)
a = δa1, (e2)
a = f−1(r) δa2, (e3)
a = f−1(r) (sin θ)−1 δa3, parallelly propagated
along the radial geodesics V a, Eq. (101) yields
0 =
d2η
dv2
+ k η ⇒ 0 =
d2f
dr2
+ k f ; (102)
the second relation following because relative to the orthonormal basis, η1
a = f(r) δa2 and η2
a =
f(r) sin θ δa3 (apply the first equation to either vector to get the second). Then the solution we want
corresponds to that solution for which η(r = 0) = 0; we find
f(r) =


sin r k = +1
r k = 0
sinh r k = − 1
, (103)
11Determined by Eqs. (2), (4), and (99).
12That is, the 3-D version of Eq. (5) that applies in these 3-spaces.
13When a(t) is of unit magnitude, say at time t = t˜, then fµν is equal to the metric hµν(t˜) on the 3-surface {t˜ = const},
except for a dimensional unit factor, and similarly for k and K(t˜).
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showing how the GDE within the spacelike 3-surfaces {t = const} determines the function f(r) in Eq.
(7). The corresponding solutions with dη/dr = 0 at r = 0 exhibit precisely how Euclid’s parallel postulate
breaks down for these curved 3-space sections, according to the spatial curvature.
In this context it is of interest to remark that the Lorentz-invariant14 de Sitter spacetime geometry,
which is the case 0 = µ = p, Λ > 0, can be sliced by spacelike 3-surfaces {t = const} of either constant
positive, zero, or negative intrinsic curvature ( cf. Ref. [22] ), depending on the sign of the sum 3K =
− 13 Θ
2 + Λ ( see Eq. (21) ). For anti-de Sitter (Λ < 0) only the negative curvature case applies. The
different FLRW forms of the de Sitter spacetime metric follow from arguments essentially identical to that
just given for the 3-space metric, because it is a 4-space of constant curvature, i.e., maximal symmetry
( and the argument applies also to the 2-sphere, leading to the form of the terms in the last bracket in Eq.
(7) ). In each case, the GDE, together with the constant curvature condition (20), leads to the harmonic
equation (102).
Similarly to the null case, the 3-D geometrical reciprocity theorem can be stated as
η1 |O
dη2
dr
∣∣∣∣
O
= η2 |P
dη1
dr
∣∣∣∣
P
, (104)
showing how geodesics diverging about a central geodesic from P to O at an angle α0 reach a separation
d at O, and geodesics diverging from O at the same angle will reach the same distance apart at P
(irrespective of the spatial curvature which is constant). Corresponding statements hold for the families
of geodesics that diverge from P and O, and end up parallel at O and P , respectively.
5 Conclusion
One way of solving the EFE is to treat them as algebraic equations relating Rabcd to Rab and Cabcd, then
solving the GDE (which characterises relative acceleration due to spacetime curvature) to determine both
the spacetime geometry and its properties. In the case of a FLRWmodel, this can be carried out explicitly,
as shown above: integrating the GDE ( cf. Eqs. (53), (86) and (95) ) allows complete characterisation
of all interesting geometrical features of the exact FLRW geometry in an elegant manner — determining
the timelike evolution, spacelike geometry, and null ray properties, which in turn determine the basic
observational properties. The Newtonian analogue of some of this has been given by Tipler [27, 28].
An interesting project is to extend this calculation to perturbed FLRW models in order to work out
the effects of linear anisotropies on the present results as regards all three causal cases (timelike, spacelike,
null). This would allow investigation of both dynamical and observational features of such models, for
example examining aspects of gravitational lensing theory [20].
Acknowledgements
This work has been supported by the South African Foundation for Research and Development (FRD).
The integration of the GDEs was facilitated by application of the computer algebra packages MAPLE and
REDUCE.
References
[1] Bronstein I N and K A Semendjajew: Taschenbuch der Mathematik, 23rd Edn., (Frankfurt/Main:
Harri Deutsch, Thun, 1987).
[2] Ehlers J: Beitra¨ge zur relativistischen Mechanik kontinuierlicher Medien, Akad. Wiss. Lit. Mainz,
Abhandl. Math.-Nat. Kl. 11 (1961). Reprinted in Gen. Rel. Grav. 25 (1993), 1225.
[3] Ehlers J: Survey of General Relativity, in Relativity, Cosmology, and Astrophysics, Ed. W Israel,
(Dordrecht: Reidel, 1973).
14That is, ua is not uniquely defined.
REFERENCES 17
[4] Ellis G F R: Relativistic Cosmology, in General Relativity and Cosmology, Proceedings of the XLVII
Enrico Fermi Summer School, Ed. R K Sachs, (New York: Academic Press, 1971).
[5] Ellis G F R: Standard Cosmology, in Vth Brazilian School on Cosmology and Gravitation, Ed. M
Novello, (Singapore: World Scientific, 1987).
[6] Ellis G F R and D RMatravers: Spatial Homogeneity and the Size of the Universe, in A Random Walk
in Relativity and Cosmology (Raychaudhuri Festschrift), Eds. N Dadhich, J K Rao, J V Narlikar,
and C V Vishveshswara, (New Dehli: Wiley Eastern, 1985).
[7] van Elst H and G F R Ellis: The Covariant Approach to LRS Perfect Fluid Spacetime Geometries,
Class. Quantum Grav. 13 (1996), 1099.
[8] Hawking S W and R Penrose: The Singularities of Gravitational Collapse and Cosmology, Proc. R.
Soc. London A 314 (1970), 529.
[9] Maartens R: Linearisation Instability of Gravity Waves? Phys. Rev. D 55 (1997), 463.
[10] Matravers D R and A M Aziz: A Note on the Observer Area-Distance Formula, Mon. Not. Astr.
Soc. S.A. 47 (1988), 124.
[11] Mattig W: U¨ber den Zusammenhang zwischen Rotverschiebung und scheinbarer Helligkeit, Astr.
Nach. 284 (1958), 109.
[12] Misner C W, K S Thorne and J A Wheeler: Gravitation, (New York: Freeman and Co., 1973).
[13] Page D N: How Big is the Universe Today?, Gen. Rel. Grav. 15 (1983), 181.
[14] Pirani F A E: On the Physical Significance of the Riemann Tensor, Acta Phys. Polon. 15 (1956),
389.
[15] Pirani F A E: Invariant Formulation of Gravitational Radiation Theory, Phys. Rev. 105 (1957),
1089.
[16] Raychaudhuri A K: Relativistic Cosmology, Phys. Rev. 98 (1955), 1123.
[17] Rindler W: Public and Private Space Curvature in Robertson–Walker Universes, Gen. Rel. Grav.
13 (1981), 457.
[18] Robertson H P: Relativistic Cosmology, Rev. Mod. Phys. 5 (1933), 62.
[19] Sandage A R: The Ability of the 200-Inch Telescope to Discriminate between Selected World-Models,
Astrophys. J. 133 (1961), 355.
[20] Schneider P, J Ehlers and E E Falco: Gravitational Lenses, (New York: Springer, 1992).
[21] Schouten J A: Ricci Calculus, (Berlin: Springer, 1954).
[22] Schro¨dinger E: Expanding Universes, (Cambridge: Cambridge University Press, 1956).
[23] Synge J L: On the Deviation of Geodesics and Null Geodesics, Particularly in Relation to the
Properties of Spaces of Constant Curvature and Indefinite Line Element, Ann. Math. 35 (1934),
705.
[24] Synge J L: General Relativity, (Amsterdam: North Holland, 1960).
[25] Synge J L and A Schild: Tensor Calculus, (Toronto: University of Toronto Press, 1949). Reprinted:
(New York: Dover Publ., 1978).
[26] Szekeres P: The Gravitational Compass, J. Maths. Phys. 6 (1965), 1387.
[27] Tipler F J: Newtonian Cosmology Revisited, Mon. Not. Roy. Astr. Soc. 282 (1996), 206.
[28] Tipler F J: Rigorous Newtonian Cosmology, Am. J. Phys. 64 (1996), 1311.
[29] Wald R M: General Relativity, (Chicago: University of Chicago Press, 1984).
[30] Weinberg S: Gravitation and Cosmology, (New York: Wiley and Son, 1972).
